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Accurate knowledge of interaction potentials among the alkali atoms and alkaline earth ions is
very useful in the studies of cold atom physics. Here we carry out theoretical studies of the long-
range interactions among the Li, Na, K, and Rb alkali atoms with the Ca+, Ba+, Sr+, and Ra+
alkaline earth ions systematically which are largely motivated by their importance in a number of
applications. These interactions are expressed as a power series in the inverse of the internuclear
separation R. Both the dispersion and induction components of these interactions are determined
accurately from the algebraic coefficients corresponding to each power combination in the series.
Ultimately, these coefficients are expressed in terms of the electric multipole polarizabilities of the
above mentioned systems which are calculated using the matrix elements obtained from a rela-
tivistic coupled-cluster method and core contributions to these quantities from the random phase
approximation. We also compare our estimated polarizabilities with the other available theoretical
and experimental results to verify accuracies in our calculations. In addition, we also evaluate the
lifetimes of the first two low-lying states of the ions using the above matrix elements. Graphical
representation of the interaction potentials versus R are given among all the considered atoms and
ions.
PACS numbers: 05.45.Ac,34.20.Cf,34.50.Cx
I. INTRODUCTION
Advancements in the simultaneous trapping and cool-
ing of both ions and atoms in a hybrid trap [1, 2] has in
resulted significant upsurge in the precise description of
the atom-ion interactions. This new development of us-
ing hybrid traps in which neutral atoms and ions are con-
fined together lead to search for many exotic phenomenon
in the quantum information science and condensed mat-
ter related fields [3]. Interaction between these systems
can be described as the special case of the van der Waal
long range forces caused due to the fluctuating dipole
moments of the systems [4]. These interactions can en-
able many chemical reactions like charge-exchange and
molecule formations at the single particle level, hence
better understanding of these interactions is very useful
in a number of studies such as explaining the underly-
ing reasons for various quantum phase transitions [5],
improvising quantum computing techniques [6], estab-
lishing sustained atom-ion sympathetic cooling mecha-
nism [7, 8], designing ultracold superchemistry [9], study-
ing the physics of impurities in the Bose gases [10, 11],
interpreting cold atom collision processes [8] etc.
Co-trapping of atoms and ions have several applica-
tions. Observations of the scattering between the atoms
and the ions at low energy scale have been reported by a
number of groups [12–14]. Early studies on the proper-
ties of the mixed atom-ion systems were reported by Coˆte´
and his coworkers in order to investigate the ultracold
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atom-ion collision dynamics, charge transportation pro-
cesses, and to realize possible formation of the combined
stable system [15]. Recently, Ha¨rter et.al. observed that
the elastic scattering cross section of an atom-ion system
depends on the collisional energy in the semi classical
regime and favors scattering at small angles [3]. Fur-
thermore, the results of an atom-ion scattering event has
been utilized to develop a novel and effective method to
compensate excessive ion micro-motion in a trap [16]. Al-
though there have been attempts to study the atom-ion
interactions in the past, but the reported results were not
very accurate. Due to the experimental advancements in
the atom-ion trapping experiments, it is now the time
to provide more accurate description of these potentials
to infer important signatures of new physics. Owing to
the simplified and well understood structures of the al-
kali atoms and alkaline-earth ions, they seem to be the
natural choices and of immense interest for the experi-
mental investigations [17] for which we intend to carry
out accurate theoretical studies of the long-range atom-
ion interactions among these systems. In this work, we
particularly undertake the Li, Na, K and Rb alkali atoms
and the Ca+, Sr+, Ba+ and Ra+ alkaline earth ions to
estimate their long range interactions.
Determination of the van der Waal coefficients of the
atom-ion interactions require evaluation of the dynamic
dipole and quadrupole polarizabilities at imaginary fre-
quencies [18]. We evaluate these polarizabilities by using
dominant contributing matrix elements and experimental
energies in a sum-over-states approach. These transition
matrix elements are extracted either from the measure-
ments of the lifetimes and the static dipole polarizabili-
ties of the atomic states or using a relativistic coupled-
cluster (RCC) method. Other contributions such as from
2the core and core-valence correlations, which cannot be
estimated using the sum-over-states approach, are esti-
mated using other suitable many-body methods. Unless
stated otherwise, we use atomic unit (au) throughout this
paper.
II. ATOM-ION INTERACTION POTENTIALS
The long range potential V (R) between an electrically
charged ion and a neutral atom in their ground states,
with R as the internuclear distance, is divided in terms of
the induced and dispersed interactions among the multi-
pole moments as [26, 27]
V (R) = Vind(R) + Vdis(R), (1)
where Vind(R) and Vdis(R) are known as the induced and
dispersion potentials, respectively. It can be noted that
a small contribution coming from the exchange potential
[27] has been neglected in the above expression. The in-
duced part of this potential occurs due to polarization
from the attractive interaction of the permanent multi-
pole of the ion with the induced multipole of the atom
due to the ion and is expressed in terms of the induction
coefficients (C2n) as [26, 27]
Vind(R) = −Q2
∞∑
n=1
C2n/R
2n, (2)
where Q is the charge of the ion and negative sign indi-
cates that the force is attractive in nature. In the present
article, we have truncated the series at powers of R−6
and contributions from the higher order coefficients asso-
ciated with R−8 and R−10 terms are suppressed here. In
the above equation, the term R−2 which corresponds to
the charge-dipole interaction vanishes for the interaction
of an ion with a neutral atom. The second term inside the
summation, corresponding to n = 2, is a spherically sym-
metric term arising due to the ion-induced dipole poten-
tial and is given as C4/R
4 with C4 = α1/2 for the static
dipole polarizability α1 of the atom. This term originates
due to the electric field created by the ion which induces
an electric dipole moment in the neutral atom. This part
of the potential is independent of the electronic state of
the ion, but varies with the electronic state of the atom
due to the dependencies on their α1s. Once the C4 coeffi-
cients are known, one can also calculate the characteristic
length scale (R∗), the effective range of the polarization
potential, by equating the potential to the kinetic energy
as R∗=
√
2µC4 [3, 28]. The characteristic energy scale is
further expressed in terms of R∗ as E∗=1/2µR∗2. Here
µ=(mion)(mat)/(mion+mat) is the reduced mass of the
system for the mass of the ion mion and mass of the
atom mat. The next term with powers of R
−6 in the
general expression (Eq.(2)) appears due to the instanta-
neous fluctuating dipole moments between the atoms and
can be expressed as C6R6 with C6 =α2/2 for the quadrupole
polarizability α2 of the atom.
For the atom and ion being in their respective ground
states, the expression for the dispersion interaction po-
tential is given by [15, 29]
Vdis(R) = − c6
R6
− c8
R8
− c10
R10
· · · (3)
The coefficients c6, c8, c10, · · · etc. emerge from the
instantaneous dipole-dipole, dipole-quadrupole, dipole-
octupole, quadrupole-quadrupole, etc. interactions and
are known as the dispersion coefficients. In the long-
ranged potential, first term dominates over the other
terms and the higher order terms are sufficiently weak
to be neglected. In Eq. (3), the dispersion coefficient
cAB6 between an atom A and an ion B can be estimated
using the expression given as [30]
cAB6 =
3
π
∫ ∞
0
dωαA1 (ιω)α
B
1 (ιω). (4)
Here αA1 (ιω) and α
B
1 (ιω) are the atomic and ionic po-
larizabilities respectively. Since it is cumbersome to de-
termine these dynamic polarizabilities for a sufficiently
large number of frequencies, therefore instead of using
the exact ab initio methods alternative approaches have
been adopted to calculate the cAB6 coefficients in the lit-
erature. Among these the Slater-Kirkwood formula [31]
is one of the popular methods [32] in which the dispersion
coefficients for atom-ion system are approximated by
cAB6 =
3
2
αA1 α
B
1
(αA1 /N
A)1/2 + (αB1 /N
B)1/2
, (5)
where NA and NB are the effective number of electrons
and determined using the following empirical formula
which assumes that the dominant contributions arise
from the loosely bound electrons present in the outer
shell of the systems
(NA)1/2 =
4
3
cAA6 /(α
A
1 )
3/2, (6)
with the van der Waals coefficient cAA6 of the homo-
nuclear dimer and static polarizability αA1 of the atom A.
This approximation may work reasonably if the dynamic
polarizabilities are very large for lower frequencies, falling
swiftly towards the asymptotic region of the frequencies
and when the trends of the dynamic polarizabilities are
almost same in both the coupled atomic systems. Sub-
stituting the above relation, we get
cAB6 =
2cAA6 c
BB
6
αB1 α
A
1 c
AA
6 + α
A
1 α
B
1 c
BB
6
. (7)
Another approximation to calculate the dispersion coef-
ficients among the hetero-nuclear alkali dimers has been
considered by Derevianko et. al. [33] as
cAB6 =
1
2
√
cAA6 c
BB
6
∆EA +∆EB√
∆EA.∆EB
. (8)
3TABLE I: Contributions to the lifetimes of the np1/2 and np3/2 states of the alkaline Ca
+, Sr+, Ba+ and Ra+ ions. The
transitions rates (As) are given in 106s−1 and the lifetimes (τ s) are given in ns.
Ca+ Sr+
4p1/2 4p3/2 5p1/2 5p3/2
A(4p1/2 → 4s1/2) 137.24 A(4p3/2 → 4s1/2) 141.12 A(5p1/2 → 5s1/2) 130.1 A(5p3/2 → 5s1/2) 144.12
A(4p1/2 → 3d3/2) 10.81 A(4p3/2 → 3d3/2) 1.14 A(5p1/2 → 4d3/2) 9.22 A(5p3/2 → 4d3/2) 1.17
Σ A 148.05 A(4p3/2 → 3d5/2) 10.17 Σ A 139.32 A(4p3/2 → 3d5/2) 9.89
Σ A 152.37 Σ A 155.18
τ (4p1/2) τ (4p3/2) τ (5p1/2) τ (5p3/2)
Present 6.75 6.55 Present 7.16 6.44
Others 6.88 [19] 6.69 [19] others 7.376 [20] 6.653 [20]
Expt. 6.96(35) [21] 6.71(25) [21] Expt. 7.35(30) [22] 6.53(20) [22]
Expt. 7.39(7) [23] 6.63(7) [23]
Ba+ Ra+
6p1/2 6p3/2 7p1/2 7p3/2
A(6p1/2 → 6s1/2) 95.13 A(6p3/2 → 6s1/2) 119.88 A(7p1/2 → 7s1/2) 106.08 A(7p3/2 → 7s1/2) 187.95
A(6p1/2 → 5d3/2) 35.70 A(6p3/2 → 5d3/2) 4.53 A(7p1/2 → 6d3/2) 10.56 A(7p3/2 → 6d3/2) 3.38
Σ A 130.83 A(6p3/2 → 5d5/2) 35.30 Σ A 116.64 A(7p3/2 → 6d5/2) 22.89
Σ A 159.72 Σ A 214.23
τ (6p1/2) τ (6p3/2) τ (7p1/2) τ (7p3/2)
Present 7.64 6.26 Present 8.57 4.66
Others 7.83 [24] 6.27 [24] Others 8.72 [25] 4.73 [25]
Expt. 7.74(40) [22] 6.27(25) [22]
In this approach, it is assumed that the most contribu-
tion to c6 coefficient comes from a principal transition
in each system whose transition energies are denoted by
∆EA and ∆EB . Nevertheless, both the above approxi-
mations are only valid for the qualitative description of
the atom-ion interaction potentials, but it is imperative
to use more accurate values of the dynamic the multipole
polarizabilities for the precise description of the atom-ion
interaction potentials. In our earlier works, we had deter-
mined dynamic dipole polarizabilities of the alkali atoms
for a sufficiently large number of imaginary frequencies
very precisely [34, 35]. In the present work, we determine
further these quantities for the alkaline earth ions and
quadrupole polarizabilities of the alkali atoms in order to
determine the above discussed van der Waals coefficients
accurately. We compare these coefficients with the values
obtained using the Slater-Kirkwood formula [31] given by
Eq. (4) and with the approximation used by Derevianko
and coworkers [33] in the previous studies. Moreover, we
also determine the lifetimes of the first excited np states
of the alkaline earth ions and compare them with the
available experimental and other precise calculations in
order to test the accuracies of the dipole matrix elements
of the transitions that are predominantly contributing
in the determination of the dipole polarizabilities of the
considered ions.
III. EVALUATION OF MULTIPOLAR
POLARIZABILITIES
The dynamic dipole (E1) and quadrupole (E2) polar-
izabilities of the atomic systems with an imaginary fre-
quency ιω are given by
αk(ιω) = −
∑
I 6=n
(En − EI)|〈Ψv|Ok|ΨI〉|2
(En − EI)2 + ω2 , (9)
where n is the principal quantum number of the ground
state of the respective system, I represents all possible
allowed intermediate states, k = 1 and O1 ≡ D = |e|r
for the dipole polarizability (α1) and k = 2 and O2 ≡
Q = |e|2 (3z
2 − r2) for the quadrupole polarizability (α2).
For the ab initio evaluation of these quantities, one can
express them as
αk(ιω) = 〈Ψn|Ok|Ψ−n 〉+ 〈Ψ+n |Ok|Ψn〉 (10)
with |Ψ±n 〉 =
∑
I 6=n |ΨI〉 〈ΨI |Ok|Ψn〉(EI−En)±iω which can be treated
analogous to the first order wave function with respect to
the ground state wave function |Ψn〉 due to the operator
D. However, it is complicated to obtain these wave func-
tions using sophisticated many-body methods like RCC
owing to the presence of the imaginary factor in the de-
nominator. Alternatively, we try to determine the ground
and singly excited state wave functions of these systems
using the following procedure. Indeed these states can be
treated as a closed-shell configuration with a respective
valence electron in the outermost orbital. We, therefore,
4TABLE II: Calculated values of the static dipole and quadrupole polarizabilities along with the C4 and C6 coefficients for
the Li, Na, K, and Rb alkali atoms. Polarizability values are compared with the other available theoretical and experimental
results. References are given in the square brackets.
Polarizabilities Li Na K Rb
αvm1 162.5 161.9 284.3 309.1
αc1 0.2 0.9 5.5 9.1
αvc1 0.0 0.0 -0.1 -0.3
αvt1 1.2 0.08 0.06 0.11
αtotal1 (Present) 164.1(6) 162.4(2) 289.8(6) 318.3(6)
αtotal1 (Other) 164.112(1) [36] 162.9(6) [37] 289.3 [38] 315.7 [39]
αtotal1 (Expt.) 164.2(1.1) [40] 162.1(8) [41] 290.58(1.42) [42] 318.79(1.42) [42]
C4 coefficient 82.1 81.2 144.8 159.9
αvm2 1345 1780 4839 6244
αc2 ∼ 0 2 16 35
αvc2 0 0 0 0
αtail2 81 113 94 211
αtotal2 (Present) 1426 1895 4947 6491
αtotal2 (Other) 1424 [43] 1879 [44], 1902 [29] 5000 [45] 6459 [45]
C6 coefficients 713 947 2474 3245
calculate the Dirac-Fock (DF) wave function (|Φ0〉) for
the closed-shell configuration first and then define the
DF wave function of the ground or singly excited states
of the considered systems by appending the valence or-
bital (v) to the DF wave function of the closed-shell as
|Φv〉 = a†v|Φ0〉. The exact atomic wave functions of these
states can now be evaluated by considering the correla-
tions among the electrons within |Φ0〉 which is referred
as core correlation, correlations seen by the valence and
core electrons of |Φv〉 termed as valence correlation and
the correlations between the core electrons with the va-
lence electron v named as the core-valence contributions.
Using the wave operator formalism, we can write these
wave functions accounting the above correlations inde-
pendently as
|Ψv〉 = a†vΩc|Φ0〉+Ωcv|Φv〉+Ωv|Φv〉, (11)
where Ωc, Ωcv and Ωv are known as the wave opera-
tors for the core, core-valence and valence correlations,
respectively.
With the above prescription, the square of the matrix
element of Ok from Eq. (9) can be expressed as
〈Ψv|Ok|ΨI〉2 = 〈Ψv|Ok|ΨI〉 〈ΨI |Ok|Ψv〉
=
〈
Φ0|Ω†cOk[ΩIΩ†I +ΩcIΩ†cI ]OkΩc|Φ0
〉
+
〈
Φv|Ω†vOk[ΩcIΩ†cI +ΩIΩ†I ]OkΩv|Φv
〉
+
〈
Φv|Ω†vOkΩcΩ†cOkΩv|Φv
〉
+
〈
ΦI |Ω†cIOkΩcΩ†cOkΩcv|Φv
〉
, (12)
where we have used the generalized Wick’s theorem to
assemble different terms and assumed all the operators
are in normal ordered form so that only the connected
terms survive. For the brevity, we categorize the first
term as core (c), the next two terms as valence (v) and
the last term as core-valence (cv) contributions, for which
we can now write the total polarizability as
αk = α
c
k + α
v
k + α
cv
k , (13)
for the notations αck, α
v
k and α
cv
k corresponding to the
above mentioned three correlation contributions, respec-
tively.
It is possible to evaluate dominant contributions to αvk
by calculating many low-lying singly excited states |ΨI〉
of the considered systems by expressing them as
αvk(ιω) =
2
(2k + 1)(2Jn + 1)
×
(′)∑
I 6=n
(En − EI)|〈Ψn||Ok||ΨI〉|2
(En − EI)2 + ω2 , (14)
where 〈Ψn||Ok||ΨI〉 is the reduced matrix element of Ok
and the symbol (′) in the summation implies that only
the excited states are included in the sum. In order to
determine the E1 and E2 matrix elements between the
ground state wave function |Ψn〉 and the excited state
wave function |ΨI〉, we express them in a general form
as |Ψv〉 with a common core and for a valence orbital v
representing either n or I, which in the Fock-space RCC
formalism is defined as
|Ψv〉 = eT {1 + Sv}|Φv〉. (15)
Here the operator T and Sv excite core electrons and the
valence electron along with the core electrons due to the
electron correlations. We consider all possible single and
double excitations with the important valence triple exci-
tations in our calculations (referred as CCSD(T) method
5TABLE III: Calculated values of effective R∗ range of the atom-ion interaction potentials and energy scale for the given atom-ion
system. The results are compared with other theoretical works wherever available.
R∗(in au) E∗ × 1011(au) R∗(in au) E∗ × 1011(au)
Li-Ca+ 1336 0.09 K-Ca+ 3231 1.88
Li-Sr+ 1393 0.11 K-Sr+ 3779 3.52
Li-Ba+ 1412 0.12 K-Ba+ 3999 4.41
Li-Ra+ 1423 0.13 K-Ra+ 4193 5.33
Na-Ca+ 2079 0.57 Rb-Ca+ 3991 3.95
2081 [28, 46] - 3989 [28, 46] -
Na-Sr+ 2324 0.89 Rb-Sr+ 5042 10.03
Na-Ba+ 2412 1.04 Rb-Ba+ 5545 14.6
Na-Ra+ 2486 1.17 5544 [28, 46] -
Rb-Ra+ 6042 20.57
in the literature) within a sufficiently large configura-
tion space. From the practical limitation, we calculate as
many as |ΨI〉 states possible for the estimation of their
contributions to αvk and refer as main contribution (α
vm).
Contributions from the higher excited states, which are
relatively small, are estimated using the following equa-
tion at the DF approximation
αvtk (ιω) = 〈Ψn|Ok|Ψ(1)n 〉, (16)
where the |Ψ(1)n 〉 is obtained by solving the following
inhomogeneous equation for the effective Hamiltonian
Heff = (H − En)Ok as
[(H − En)2 + ω2]|Ψ(1)n 〉 = −Heff |Ψn〉 (17)
and given as tail contribution (αvtk ).
We also obtain the αcvk contributions using the same
procedure as has been described by the above equation.
Nonetheless, the αck contributions may not be smaller to
be estimated using the DF method for which we employ
the random phase approximation (RPA) to solve for the
core configuration (denoted by subscript 0) with the sim-
ilar logic as Eq. (17) by defining
|Ψ(1)0 〉 =
∞∑
β
∑
p,a
Ω(β,1)a→p |Φ0〉
=
∞∑
β=1
∑
pq,ab
{ [〈pb|
1
r12
|aq〉 − 〈pb| 1r12 |qa〉]Ω
(β−1,1)
b→q
(ǫp − ǫa)2 + ω2
+
Ω
(β−1,1)†
b→q [〈pq| 1r12 |ab〉 − 〈pq| 1r12 |ba〉]
(ǫp − ǫa)2 + ω2 }
×(ǫp − ǫa)|Φ0〉, (18)
where Ω
(β,1)
a→p is the wave operator that excites an occupied
orbital a of |Φ0〉 to a virtual orbital p which alternatively
refers to a singly excited state with respect to |Φ0〉 with
Ω
(0,1)
a→p =
〈p|(ǫp−ǫa)Ok|a〉
(ǫp−ǫa)2+ω2
for the single particle orbitals en-
ergies ǫs and the superscripts β and 1 representing the
number of the Coulomb ( 1r12 ) and Ok operators, respec-
tively.
IV. RESULTS AND DISCUSSION
A. Calculation of lifetimes of the np states
As a test of accuracy of our calculated principal matrix
elements which are going to contribute predominantly to
the α1 results of the alkaline earth ions, we estimate the
lifetimes (τs) of the np states using these matrix ele-
ments with n being the principal quantum number of
the ground states of the respective ions and compare
them with the experimental and other high precision cal-
culations. These values are given in Table I and are
estimated considering only the dominant E1 transition
probabilities (A), which are evaluated (in s−1) using the
formula
AE1ij =
2.02613× 1015
λ3
|〈i‖D‖j〉|2
2ji + 1
, (19)
where λ is the wavelength of the transition in A˚ and
|〈i‖D‖j〉|2 is the reduced E1 matrix elements in au. Since
our aim is to know the accuracies of the E1 matrix ele-
ments alone, we use the experimental λ values in these
calculations. As can be seen from the table, the exper-
imental results have large error bars however our calcu-
lated values are compared with another high precision
calculations [19] in Ca+. The lifetimes of the 5p1/2,3/2
states of Sr+ and the 6p1/2,3/2 states of Ba
+ are observed
by Gallagher [22] using the Hanle-effect method with the
optical excitations from the ground states. These values
are 7.35(0.3) ns and 6.53(0.2) ns for the 5p1/2 and 5p3/2
states of Sr+, respectively, which are later improved by
Pinnington et. al. [23]. Our results are close to these
values and the used E1 matrix elements can be used
further to estimate α1 of Sr
+ within a reasonably accu-
racy. Similarly, the experimental lifetimes of the 6p1/2,3/2
states of Ba+ are reported as τ(6p1/2) = 7.74(0.4)ns and
τ(6p3/2) = 6.27(0.25)ns [22] and other theoretical values
are given as τ(6p1/2) = 7.83ns and τ(6p3/2) = 6.27ns
[24] which are in good agreement with our results sug-
gesting that when the corresponding E1 matrix elements
are used, we will be able to achieve high accuracy α1 value
6in Ba+. There are no experimental results available for
the lifetimes of the 7p1/2,3/2 states of Ra
+, however our
results are close agreement with another calculations by
Pal et.al. [25]. Therefore, the resulting α1 values in all
the above discussed ions will be reliable and hence we
expect to attain accurate values of the dispersion coeffi-
cients when α1 values are used from our calculations.
B. Calculation of C4 coefficients
In Table II, we present the static dipole polarizabilities
of the alkali atoms that were reported by us in Ref. [52]
and compare with the earlier theoretical and experimen-
tal results. The details of the calculations are presented
in Ref. [52] and we do not repeat them here again. The
reported values of α1 are slightly different than Ref. [52],
since the core contributions from the DF method are re-
placed by the RPA values here. From the comparison
between the measured and calculated results, as shown
in the table, it is clear that our static polarizabilities are
in close agreement with the experimental and theoretical
values which gives us confidence in using these values for
the calculation of the C4 coefficients as 82.1, 81.2, 144.9
and 156.0 au in the Li, Na, K. and Rb atoms respec-
tively. Using these C4 values, we further obtain range of
potential R∗ and compare them with the values obtained
by Idziaszek [46] and Deork [28], as shown in Table III.
Idziaszek and Deork have applied the multichannel quan-
tum defect theory to describe the range of the atom-ion
systems. On comparison, we observe that our calculated
values of range are close to the values tabulated in these
references. From the table, we note that the effective
length scale of the atom-ion potential is much more long
ranged than the interaction between two neutral atoms.
In the same table we also present the characteristic ener-
gies for their direct applications in the future experimen-
tal studies.
C. Calculation of C6 coefficients
In order to obtain the C6 coefficients, we first carry out
systematic calculations of the quadrupole polarizabilities
of the Li, Na, K, and Rb atoms. As given in Table II,
terms αc2 ,α
v
2 and α
vc
2 summarizes the contributions to
the quadrupole polarizbailities from the core, valence and
valance-core correlation terms. Here the matrix elements
of the first five ns−n′d5/2 transitions in each alkali atoms
are included into the main term αvm2 calculations, where
n is the principal quantum number of the ground state
of the respective atom. For example in the Na atom, 3s
to (3-7)d5/2 transition E2 matrix elements are included
in the main polarizability calculations. Moreover, for the
Li atom calculation, we have included two more tran-
sitions 2s − 8d5/2 and 2s − 9d5/2 in the main polariz-
ability calculations. In the above table, we compare our
results with the predictions by other studies. For the Li
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FIG. 1: (Color online) Comparison of the dynamic polariz-
abilities (α(iω)) among the (a) alkali atoms and (b) alkaline
earth ions against the frequency (ω) values.
atom, accurate value of the quadrupole polarizability is
obtained as 1424 au by Porsev et.al. [43] using the rel-
ativistic many-body calculations. Our result 1426 au is
in very good agreement with this value. Theoretical val-
ues of the quadrupole polarizability of the Na atom were
given by the group of Spelsberg [44] and Makarov [29]
as 1879 and 1902 au respectively and are also in close
agreement with our value 1895 au. Group of Makarov
had calculated the quadrupole polarizability of Na by
using the Mo¨ller Plesset second-order perturbation the-
ory with an extended Gaussian basis. From the earlier
studies, the results available to compare the polarizability
values of the K and Rb atoms are 5000 and 6459 au [45]
by using a model potential method showing only small
variations from our results 4947 and 6491 au respectively.
The comparisons, as given in Table II, reflects that our
polarizabilities are reliable enough for the accurate deter-
mination of the C6 results of the alkali atoms. Our nu-
merical calculations for the C6 coefficients give the values
as 713, 947, 2474 and 3245 in au for the Li, Na, K, and
Rb atoms respectively.
D. Calculations of dispersion coefficients cAB6
Table VI gives the compiled values of contributions
to the total dispersion coefficients cAB6 between the al-
kali atoms interacting with the alkaline ions. For the
determination of the dispersion coefficients, we perform
the RCC calculations to obtain the dipole matrix ele-
ments for the evaluation of the required dipole polariz-
abilities of the Ca+, Sr+, Ba+, and Ra+ ions. There
7TABLE IV: Individual contributions to α1 of Ca
+, Sr+, Ba+ and Ra+ alkaline earth ions from the principal E1 matrix elements
and other components. Our results are also compared with other calculations and experimental values.
Contributions E1 amplitude α1 Contributions E1 amplitude α1
Ca+ Sr+
4s1/2 −→ 4p1/2 2.91 24.64 5s1/2 −→ 5p1/2 3.12 29.82
4s1/2 −→ 5p1/2 0.07 0.05 5s1/2 −→ 6p1/2 0.02 0.01
4s1/2 −→ 6p1/2 0.08 0.05 5s1/2 −→ 7p1/2 0.06 0.004
4s1/2 −→ 7p1/2 0.06 0.004 5s1/2 −→ 8p1/2 0.05 0.003
4s1/2 −→ 8p1/2 0.05 0.002 5s1/2 −→ 5p3/2 4.39 57.61
4s1/2 −→ 9p1/2 0.04 0.001 5s1/2 −→ 6p3/2 0.04 0.002
4s1/2 −→ 4p3/2 4.12 48.86 5s1/2 −→ 7p3/2 0.05 0.003
4s1/2 −→ 5p3/2 0.08 0.01 5s1/2 −→ 8p3/2 0.05 0.002
4s1/2 −→ 6p3/2 0.10 0.012
4s1/2 −→ 7p3/2 0.08 0.01
4s1/2 −→ 8p3/2 0.07 0.004
4s1/2 −→ 9p3/2 0.06 0.003
αc 3.25 αc 4.98
αtail 5.51×10
−2 αtail 1.96×10
−2
αvc -8.85×10
−2 αvc -0.19
αtotal(Present) 76.89 αtotal(Present) 92.25
αtotal(Other) 75.88 [47] αtotal(Other) 91.10 [47]
αtotal(Other) 75.49 [26] αtotal(Other) 91.3(9) [20]
αtotal(Expt.) 75.3(4) [48] αtotal(Expt.) 93.3(9) [49]
Ba+ Ra+
6s1/2 −→ 6p1/2 3.36 40.76 7s1/2 −→ 7p1/2 3.28 36.86
6s1/2 −→ 7p1/2 0.10 0.02 7s1/2 −→ 8p1/2 0.04 0.002
6s1/2 −→ 8p1/2 0.11 0.016 7s1/2 −→ 9p1/2 0.09 0.01
6s1/2 −→ 6p3/2 4.73 74.55 7s1/2 −→ 7p3/2 4.54 57.53
6s1/2 −→ 7p3/2 0.17 0.04 7s1/2 −→ 8p3/2 0.49 0.03
6s1/2 −→ 8p3/2 0.11 0.02 7s1/2 −→ 9p3/2 0.30 0.10
αc 9.35 αc 11.66
αtail 1.66×10
−2 αtail 0.15
αvc -0.38 αvc -0.74
αtotal(Present) 124.40 αtotal(Present) 105.91
αtotal(Other) 123.07 [47] αtotal(Other) 105.37 [47]
αtotal(Other) 126.2 [50] αtotal(Other) 106.5 [38]
αtotal(Expt.) 123.88(5) [51]
TABLE V: Calculated dispersion coefficients in this work and the estimated effective number of electrons values for the Slater-
Kirkwood formula in case of alkali dimers. Results are compared with other available values whose references are given in the
square brackets.
c6(Present) c6 [33] Neff (Present) Neff [32] c6(Present) Neff (Present)
Li-Li 1390 1389 0.77 0.773 Ca+-Ca+ 562 1.24
Na-Na 1549 1556 0.99 - Sr+-Sr+ 831 1.52
K-K 3895 3897 1.10 1.13 Ba+-Ba+ 1436 1.89
Rb-Rb 4663 4691 1.19 1.20 Ra+-Ra+ 1341 2.64
are several calculations of the ground-state polarizabil-
ities of the alkaline earth ions available using different
methods. Similarly, a number of precise measurements
of these quantities are also reported in the literature. We
have compared these results with the present work in Ta-
ble IV. As can be seen from the table, Lim et.al. [47] listed
the static dipole polarizabilities of the considered alkaline
earth ions which are in very close agreement with our
values. Their values are predicted using the RCC cal-
culations in the finite field gradient technique together
8TABLE VI: Comparison of the c6 coefficients for the alkali atoms and alkaline earth ions with various methods.
Individual contributions to the c6 coefficients from this work Others
|αv |
2 |αc|
2 |αvc|
2
αc.t. Total (S.Kirkwood) c6(Ref.[33]
a)
Li-Ca+ 768.4 1.0 0.0 67.35 836.7 844.0 914.9
Li-Sr+ 898.1 1.5 0.0 108.4 1008.1 1025.6 1106.3
Li-Ba+ 1127.1 2.6 0.0 184.8 1314.5 1355.3 1434.7
Li-Ra+ 974.3 3.2 0.0 228.9 1206.4 1256.2 1402.9
Na-Ca+ 826.4 4.6 2.2×10−3 69.7 900.8 906.5 951.7
Na-Sr+ 964.6 7.4 4.3×10−3 113.6 1085.7 1101.7 1152.4
Na-Ba+ 1205.7 12.4 7.4×10−3 195.6 1413.5 1454.4 1500.7
Na-Ra+ 1046.5 15.1 1.3×10−2 244.3 1305.8 1357.8 1462.0
K-Ca+ 1231.4 19.6 1.0×10−2 141.0 1392.0 1388.9 1561.9
K-Sr+ 1441.5 31.6 2.0×10−2 207.1 1680.3 1687.4 1885.7
K-Ba+ 1816.2 53.0 3.6×10−2 328.3 2197.5 2231.7 2435.2
K-Ra+ 1563.4 66.1 6.5×10−2 389.9 2019.4 2056.8 2390.4
Rb-Ca+ 1312.9 29.6 1.8×10−2 184.8 1527.9 1517.5 1715.9
Rb-Sr+ 1537.3 48.4 3.8×10−2 259.5 1845.2 1843.5 2071.0
Rb-Ba+ 1938.1 81.5 6.7×10−2 394.5 2414.2 2438.4 2672.4
Rb-Ra+ 1667.2 101.6 0.1 455.5 2224.5 2246.4 2625.0
aNote: These values do not appear explicitly in the reference, but were deduced using Eq. (8) quoted therein.
with the optimized Gaussian-type basis set. However,
use of a sum over states approach allowed us to use
experimental data wherever available, which we believe
that can minimize the uncertainties in the results and
hence, they are more accurate in our case. Experimental
spectral analysis of the dipole polarizability value of the
Ca+ ion is observed by Edward [48] and is in very good
agreement with our calculated value. As seen from the
given table, the calculated values of these quantities by
Mitroy et.al. [26], which are evaluated by diagonalizing
the semi-empirical Hamiltonian in a large dimension sin-
gle electron basis, are also in agreement with our values.
However, we would like to emphasize that our results are
more accurate since in our method core correlations are
accounted through the all order RPA. The estimate of
93.3 au [53] for the ground state polarizability of Sr+
ion, derived by combining the experimental data given
by the group of Barklem [49] with the oscillator strength
sums, has a considerable discrepancy with our present
results. In contrast, our values match very well with the
calculations of Jiang et.al. [20] who have used the rela-
tivistic all-order method to calculate the polarizabilities
of the Sr+ ion. It would be interesting to see the va-
lidity of these results when the new measurement of the
ground state polarizability for this ion becomes available.
The polarizability value of the Ba+ ion was calculated
by Miadokova et.al. [50] using the relativistic basis set in
the Douglas-Kroll no-pair approximation and has a 2%
discrepancy from the high precision measurements per-
formed by Snow and Lundeen [51]. This high precision
measurement was achieved by a novel technique based
on the resonant excitation Stark ionization spectroscopy
microwave technique. We also find that our results are
in better agreement with the experimental value. There
is no experimental result available for the dipole polar-
izability of Ra+ to compare with our result. However,
Safronova et. al. [38] have evaluated this result using the
relativistic all order method and is in agreement with our
result. Having compared all our polarizability results, we
are now in the state to justify that since our static po-
larizability values are very accurate, we anticipate simi-
lar accuracies for the calculated dynamic polarizabilities
using our method and can be used reliably for the eval-
uation of the dispersion coefficients.
In Fig.1, we plot our dynamic polarizabilities obtained
for various atoms and ions along the imaginary axis as
the functions of the frequencies. Next, we use the dy-
namic polarizabilities to calculate the dispersion coeffi-
cients and effective number of the electrons in case of
the alkali atoms and alkaline earth ions, which are pre-
sented in Table V. The purpose of calculating and pre-
senting these values is to verify the validity of the results
reported using the Slater-Kirkwood formula as given in
Eq.(5) and using the approach that was followed by Dere-
viako et.al. [33].
In practice, a number of methods have been employed
for the calculations of the dispersion cAB6 coefficients for
the hetero-nuclear dimers. Dalgarno et.al. [54] had fol-
lowed a procedure to reduce the two central molecular
problem to one central atomic problem at the larger sep-
aration distances. Bishop and coworkers [55] computed
the cAB6 coefficients by approximating the integral given
by Eq. (4) using the Gaussian quadrature technique.
In this work, we evaluate the dispersion coefficients cAB6
using three different methods: (i) the exact formula of
Eq. (4), (ii) Slater-Kirkwood formula given by Eq. (5),
and (iii) using an approximated approach as has been
used in Ref.[33] (see Eq. (8)) to make a comparative
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FIG. 2: (Color online) Percentage deviations in the cAB6 values
obtained from this work with the results obtained using the
Slater-Kirkwood formula (shown in the red bars) and those
obtained using the approximate approach used in Ref. [33]
(shown in the green bars).
.
analysis among the results obtained from all these ap-
proaches. In the case of the exact method, we use the
Gaussian quadrature method to integrate over the dy-
namic polarizabilities using the exponential grids. We
justify the use of the exponential grids from the fact that
maximum contributions to the integrand given in Eq. (4)
come from the polarizability values in the vicinity of zero
frequency (as shown in Fig. 1) and gradually their con-
tributions falls down. In Table VI, we present details
of the calculated values of the dispersion coefficients for
the interactions between the alkali atoms and the alka-
line ions along with their breakdown from the individual
contributions. From the table, it can be inferred that the
contribution to the total potential increases as the alkali
atoms get bigger in size (i.e. from the Li to Rb sequence),
since the polarizability values also increase in the same
order. However, we notice that a steady increase in c6
values do not occur with respect to the atomic sizes for
the ions (i.e. from Ca+ to Ra+). This might seem to be
counterintuitive but it is owing to the fact that the po-
larizability of Ba+ is larger than that for Ra+, as given
in Table IV. So it follows a different trend in the cAB6 co-
efficients; decreases in magnitude for the interactions of
the alkali atoms with Ra+ and increases with Ba+. The
-4000
-3000
-2000
-1000
 0
V
to
ta
l(a
u) Li-Ca
+
Na-Ca+
K-Ca+
Rb-Ca+
-4000
-3000
-2000
-1000
 0
Li-Sr+
Na-Sr+
K-Sr+
Rb-Sr+
-4000
-3000
-2000
-1000
 0
10 15 20 25 30 35
V
to
ta
l(a
u)
R(au)
Li-Ba+
Na-Ba+
K-Ba+
Rb-Ba+
10 15 20 25 30 35 40
-4000
-3000
-2000
-1000
 0
R(au)
Li-Ra+
Na-Ra+
K-Ra+
Rb-Ra+
FIG. 3: (Color online) Net interaction potentials (Vtotal) be-
tween different combinations of the alkali atoms and alkaline
ions with respect to the internuclear distance (R).
dispersion coefficients for the atom-ion systems obtained
using the Slater-Kirkwood formula are listed in column
VI of Table VI. In an alternative approach, we also car-
ried out the calculations using the approximated formula
given in Eq. (8) and the obtained values are listed in
column VII of the same table. Comparison of deviations
in percentage from both the approaches are shown in
Fig. (2) for all combinations of the alkali atoms-alkaline
ions in the form of the histograms. It is apparent from
this plot that the Slater-Kirkwood formula shows better
agreement with our results as compared to the approxi-
mated approach of Derevianko et. al..
In Fig. 3, comparison between the total interaction po-
tential (Vtotal) for the undertaken different combinations
of Li, Na, K and Rb atoms with Ca+, Sr+, Ba+ and
Ra+ ions is shown as function of internuclear distance
R by adding both the induction and dispersion parts.
Interactions of each alkaline ion (Ca+, Sr+, Ba+, Ra+)
is represented in solid red line for the Li, long dashed
green line for the Na, short dashed blue line for the K
and dotted pink line for the Rb atoms, respectively. It
should be noted that our results for these potentials will
be valid in the approximation only when the structures
of the colliding atom and ion do not undergo internal
changes.
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V. CONCLUSION
In this work, we have deduced the behavior of the po-
tential curves with respect to the internuclear distances
for the alkali atoms correlating with the alkaline-earth
ions. The accurate values of the dipole polarizabili-
ties for the alkali atoms and the alkaline earth ions and
the quadrupole polarizabilities for the alkali atoms have
been investigated using the relativistic coupled-cluster
method. Thereafter, evaluation of the dispersion coef-
ficients have been done by integrating the atom-ion dy-
namic electric polarizabilities product at the imaginary
frequencies. The calculated values of the induction coeffi-
cients in the form of range of potentials are expected to be
very useful to set the actual positions of the bound states
and magnetic fields of the Feshbach resonances for these
atom-ion correlated systems. The presented data will
also be of immense interest for designing better atomic
clocks, quantum information processing and quantifying
molecular potentials for the ultracold collision studies.
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